Abstract. A t-(n, K, λ; q) design, also called the q-analog of a t-wise balanced design, is a set B of subspaces with dimensions contained in K of the n-dimensional vector space F n q over the finite field with q elements such that each t-subspace of F n q is contained in exactly λ elements of B. In this paper we give a construction of an infinite series of nontrivial t-(n, K, λ; q) designs with |K| = 2 for all dimensions t ≥ 1 and all prime powers q admitting the standard Borel subgroup as group of automorphisms. Furthermore, replacing q = 1 gives an ordinary t-wise balanced design defined on sets.
Introduction
In the following let q n −q i q k −q i counts the number of k-subspaces of F n q and it is called the q-binomial coefficient. A t-(n, K, λ; q) design, also called the q-analog of a t-wise balanced design or t-wise balanced design over F q , is a set B of subspaces of F n q with dimensions contained in K such that each t-subspace of F n q is contained in exactly λ members of the set B.
The set B = ∪ k∈K F n q k is already a t-(n, K, λ max ; q) design, the socalled trivial t-wise balanced design, where λ max = k∈K n−t k−t q . If K = {k} is a one element set B is simply called the q-analog of a t-design and write t-(n, k, λ; q) instead of t-(n, {k}, λ; q) to indicate the parameters of the design. So far only a few results have been published on t-(n, k, λ; q) designs. Explicit constructions [4, 5, 7, 9, 10, 11, 12, 13] are known for t = 1, 2, 3 whereas the existence of these objects for all t ≥ 1 was recently shown [6] .
In this paper we concentrate on the case |K| = 2 and present an explicit construction of a series of nontrivial t-(n, K, λ; q) designs for all t ≥ 1 and all prime powers q.
Groups of Automorphisms
The general linear group GL(F n q ) of the vector space F n q , whose elements are represented by n × n-matrices, acts on An element α ∈ GL(F n q ) is called an automorphism of a t-(n, K, λ; q) design B if and only if B = αB := {αS | S ∈ B}. The set of all automorphisms of a design forms a group, called the automorphism group of the t-wise balanced design. Every subgroup of the automorphism group of a t-wise balanced design is denoted as a group of automorphisms of the t-wise balanced design.
A construction approach derives from the Kramer and Mesner construction of ordinary t-designs [8] :
A subgroup G of GL(F n q ) induces an equivalence relation on the set of k-subspaces of F n q by defining S ≃ G S ′ :⇐⇒ ∃α ∈ G : αS = S ′ . The corresponding equivalence class of S is called the G-orbit on S and it is denoted by G(S) := {αS | α ∈ G}. The stabilizer of S is abbreviated
Now, a t-(n, K, λ; q) design B admits a subgroup G of the general linear GL(F n q ) as a group of automorphisms if and only if B consists of G-orbits on ∪ k∈K
The G-incidence matrix A G t,k is defined to be the matrix whose rows and columns are indexed by the G-orbits on the set of t-and ksubspaces of F n q , respectively. The entry indexed by the orbit G(T ) on 
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If A G t,K := | k∈K A G t,k denotes the concatenation of all G-incidence matrices A G t,k for all k ∈ K we obtain the following result: Tables 1 and 2 show a list of q-analogs of t-wise balanced designs over finite fields we constructed with the Kramer-Mesner approach using a computer search. All prescribed groups of automorphisms we used are subgroups of the normalizer of a Singer cycle, which is generated by a Singer cycle σ of order q n − 1 and the Frobenius automorphism φ of order n. This group and its subgroups have already been used for the successful construction of designs over finite fields (see [4, 5] ).
Note, that we were also able to find a large set of t-(n, K, λ; q) designs which is a set of disjoint t-(n, K, λ; q) designs such that their union cover the whole set ∪ k∈K
for some set of parameters:
• three disjoint 2-(7, {3, 4}, 62; 2) designs
• two disjoint 2-(7, {3, 4}, 93; 2) designs
• two disjoint 2-(8, {3, 4}, 357; 2) designs
Echelon Equivalence
In the following we consider subspaces as column spaces. Let S be a k-subspace of F n q . A matrix Γ having n rows, k columns, and entries in F q is called a generator matrix of S if and only if the columns of Γ yield a base of S. There are several generator matrices for the same k-subspace S but using elementary Gaussian transformations of the columns yields a uniquely determined generator matrix, the canonical generator matrix, Γ C (S) of the subspace S, having the structure shown in Table 3 . For instance, the two 3-subspaces of F 6 5 generated by the following generator matrices are Echelon equivalent: Table 4 shows all Echelon equivalence classes of F We can also define a group action of GL(F The multiplication of α ∈ B(F n q ) to a k × n matrix Γ from the left, is equivalent to a series of elementary Gaussian transformations of the rows of Γ such that rows will be multiplied by a nonzero finite field element or such that a multiple of a first row will be added to a second row above to the first row. Applying an arbitrary element α ∈ B(F In the following we consider some properties of the B(F n q )-incidence matrices. The following property is immediate from the Echelon equivalence classes: Lemma 1. The entry a τ,π of the incidence matrix A B(F n q ) t,k whose row is indexed by the B(F n q )-orbit on E(τ ) and whose column is indexed by the B(F n q )-orbit on E(π) is nonzero if and only if τ ⊆ π. In this case, if a τ,π is nonzero it is a power of q.
Corollary 2. If we substitute
we obtain the incidence matrix between all t-subsets and k-subsets of {1, . . . , n}.
Considering the orbits of the standard Borel subgroup on subspaces or the Echelon equivalence classes, respectively, might be understood as the proper form of "q-analogization": If the number of stars in an Echelon equivalence class representative-as depicted in Table 4 -is i each star can be substituted by a finite field element which yields the cardinality q i of this particular class. Setting q = 1 means, that we replace all stars by 0's and each Echelon class contains only one element.
Hence, the Echelon equivalence classes themselves can be considered as subsets. Furthermore, the incidence matrix A B(F n q ) t,k becomes the incidence matrix between subsets for q = 1.
t,t+2 has the following form:
The first block of columns is indexed by all (t + 1)-subsets of {1, . . . , n} containing 6, the second block of columns is indexed by all (t+2)-subsets of {1, . . . , n − 1}, all remaining (t + 1)-and (t + 2)-subsets of {1, . . . , n} occur in the third block of columns. The first block of rows is indexed by all t-subsets of {1, . . . , n − 1} and the second block of rows is indexed by all t-subsets of {1, . . . , n} containing 6.
Proof. The proof is straightforward and uses Lemma 1. We only look at the block in the upper left corner. The rows correspond to the tsubsets of {1, . . . , n − 1} and the columns correspond to (t + 1)-subsets of {1, . . . , n} containing the element 6 which arise by all t-subsets of {1, . . . , n − 1} by just adding the element 6. In order to determine the matrix entry whose row is indexed by the t-subset {π 1 , . . . , π t } and whose column is indexed by the (t + 1)-subset {π 1 , . . . , π t , 6} we q-ANALOGS OF t-WISE BALANCED DESIGNS FROM BOREL SUBGROUPS 11 have to count the number of canonical generator matrices of the form [e π 1 | . . . |e πt |v] where v must have the entry 1 in the last position. Since the last entry of v is 1 and since t entries are 0 due to the remaining t base row indices we have n − t + 1 positions in v for which we can choose any finite field element. Finally, we get q n−t−1 as corresponding incidence matrix entry.
Construction
In this section we finally describe the construction of an infinite fam- t,{t+1,t+2} as they are given in Lemma 2, i. e. we get the following set of subspaces:
} and the union of orbits:
By this selection the following columns of A B(F n q ) t,{t+1,t+2} are chosen:
The final issue is now to investigate under which conditions the set B becomes a t-wise balanced t-(n, {t + 1, t + 2}, λ; q) design. To answer this question we determine the row sum of the selected matrix. For the first block of rows we get the row sum:
and for the second block of rows the rows add up to:
It is clear that the corresponding selection of B(F n q )-orbits and columns, respectively, becomes a t-wise balanced t-(n, {t+1, t+2}, λ; q) design if and only if both values are equal α = β. In this case we get the index:
It is easy to see that α = β if and only if
. From the symmetry of the q-binomial coefficient we get n − t − 1 = 3 and hence:
This shows that B really defines a t-(t+4, {t+1, t+2}, q 3 +q 2 +q+1; q) design.
Furthermore, in M each rom sum is equal to q 3 + q 2 + q + 1 which means that exactly four entries are nonzero. Hence, substituting q = 1 in the matrix M we obtain a constant row sum of 4. The subsets corresponding to the columns of M finally defines an ordinary nontrivial t-wise balanced design with parameters t-(t + 4, {t + 1, t + 2}, 4) for all positive integers t ≥ 1.
Finally, we show an example:
We construct a 2-(6, {3, 4}, 15; 2) design. The set of representatives T of the chosen B(F 2 )-orbits on 3-and 4-subspaces is the following one:
q-ANALOGS OF t-WISE BALANCED DESIGNS FROM BOREL SUBGROUPS 13 E({1, 2, 6}), E({1, 3, 6}), E({1, 4, 6}), E({1, 5, 6}), E({2, 3, 6}), E({2, 4, 6}), E({2, 5, 6}), E({3, 4, 6}), E({3, 5, 6}), E({4, 5, 6}), E({1, 2, 3, 4}), E({1, 2, 3, 5}), E({1, 2, 4, 5}), E({1, 3, 4, 5}), E({2, 3, 4, 5})
If the list E({1, 2}), E({1, 3}), E({1, 4}), E({1, 5}), E({2, 3}), E({2, 4}), E({2, 5}), E({3, 4}), E({3, 5}), E({4, 5}), E({1, 6}), E({2, 6}), E({3, 6}), E({4, 6}), E({5, 6}), denotes the representatives of B(F 6 2 )-orbits on the set of 2-subspaces, we get the following incidence matrix M between the orbits on 2-subspaces and the selected orbits on 3-and 4-subspaces: 
The row sum in each row is exactly 15 which shows that the selected set of orbit representatives on 3-and 4-subspaces yields a 2-(6, {3, 4}, 15; 2) design.
Moreover, the given set of 3-and 4-subsets defines a 2-(6, {3, 4}, 4)
design.
